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Abstract 

This paper is concerned with well-posedness of the Boussinesq system. We prove that 
the n (n > 2) dimensional Boussinesq system is well-psoed for small initial data (uq, 9q) 
(V • u = 0) either in (B x \ f] B~%) x S"J or in B~% x B~fg if r e [l,oo], e > and 
p e (~,oo), where i?*;^ (s6l, 1 < p, q < oo, e > 0) is the logarithmically modified Besov 
space to the standard Besov space B". We also prove that this system is well-posed for 
small initial data in (B^ n B~^) x (Bn\ n B^). 
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1 Introduction 

In this paper we will discuss the Cauchy problem for the normalized n-dimensional viscous 
Boussinesq system which describes the natural convection in a viscous incompressible fluid as 
follows: 

u t + (u • X7)u + VP = An + 9a inM n x(0,oo), (1.1) 

divu = inR n x(0,oo), (1.2) 

e t + u-V6 = A6 in R n x (0,oo), (1.3) 

(u(;t),e(;t))\ t=0 = (u (-),e (-)) mR n , (1.4) 

where u = (u\(x, t), U2(x, t), • ■ ■ ,u n (x,t)) £ W 1 and P = P(x,t) G R denote the unknown 
vector velocity and the unknown scalar pressure of the fluid, respectively. 9 = 9(x,t) € M 
denotes the density or the temperature. 9a in (jl.ip takes into account the influence of the 
gravity and the stratification on the motion of the fluid. The whole system is considered under 
initial condition (uq,9q) = (uq(x),6q(x)) E 

The Boussinesq system is extensively used in the atmospheric sciences and oceanographic 
turbulence (cf. [T5] and references cited therein). Due to its close relation to fulids, there are 
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a lot of works related to various aspects of this system. Among the fruitful results we only cite 
papers on well-posedness. In 1980, Cannon and DiBenedetto in [3] established well-posedness of 
the full viscous Boussinesq system in Lebesgue space within the framework of Kato semigroup. 
Around 1990, Mirimoto, Hishida and Kagei have investigated weak solutions of this system in 
[IB] . [TT] and [13] • Well-posedness results in pseudomeasure-type space and weak LP space, etc. 
can be found in |10j and references cited therein. Recently, the two dimensional Boussinesq 
system with partial viscous terms has drawn a lot of attention, see [H EJ EJ [12] and references 
cited therein. 

In this paper, we aim at achieving the lowest regularity results of the full viscous Boussinesq 
system with dimension n > 2. Though it is hard to deal with the coupled term uV 6, we succeed 
in finding a suitable product space with regular index being almost — 1 in which the Boussinesq 
system is well-posed. More precisely, we prove that if (uq, 9q) G (B^nBM.tx)) X (B^nK 1 ^) 

satisfying divuo = 0, where Bp >0 ^ (1 < p < oo) is the logarithmically modified Besov space to 
the standard Besov space B'^ (see definition 1.1 below), then there exists a local solution to 
Eqs. (|l.ip ~ (|1.4|) . We also prove that if 6q belongs to B~j, with p G (§,oo) and r G [1, oo] and 
no belongs to B^ 1 n satisfying the divergence free condition, then there exists a local 

solution to Eqs. (|l.ip ~ (|1.4p . The method we use here is essentially frequency localization. 

As usual, we use the well-known fixed point arguments and hence we invert Eqs. (jl.ip ~ 
(|1.4p into the corresponding integral equations: 

u = e tA u - r e ( *- s)A P(n- X7)uds+ [ e^ A ¥(9a)ds, (1.5) 
Jo Jo 

6 = e tA 6 - [ e {t ~ s)A (u-V9)ds, (1.6) 
Jo 

where P is the Helmholtz projection operator given by P = 1+ V(— A) _1 div with / representing 
the unit operator. In what follows, we shall regard Eqs. (|1.5|) and (|1.6p as a fixed point system 
for the map 

Z : (u,0)*->3(u,0) = {Zi{u,0),Z2(u,e)) : 
where Zi(u,9) and ^2 denote the right-hand sides of (1.5) and (1.6), respectively. 

Before showing our main results of this paper, let us first recall the nonhomogeneous 
littlewood-Paley decomposition by means of a sequence of operators (Aj)j 6 z and then we 
define the Besov type space Bp" and the corresponding Chemin-Lerner type space L p (Bp]r)- 

To this end, let 7 > 1 and ((p, x) be a couple of smooth functions valued in [0, 1], such that 
ip is supported in the shell {£ G R n ; 7" 1 < |£| < 27}, x is supported in the ball {£ G W 1 ; \£\ < 7} 
and 

x(0 + l>(2-*0 = i> v? G r. 

For u G 5'(M n ), we define nonhomogeneous dyadic blocks as follows: 
A q u:=0 if g < —2, 
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A_iu := x(D)u = h *u with h := T %i 

A q u := tp(2- q D)u = 2 qn j h(2 q y)u(x - y)dy with h := T~ x ip if q > 0. 



One can prove that 



q>-l 



for all tempered distribution u. The right-hand side is called nonhomogeneous Littlewood-Paley 
decomposition of u. It is also convenient to introduce the following partial sum operator: 

S q u := ^2 A p n - 

p<q-l 

Obviously we have Sou = A^\u. Since (/?(£) = x(£/2) — x(£) f° r an £ e one can P r ove that 

S,u = x(2~ Q D)u = J h(2 q y)u(x - y)dy for all q G N. 

Let 7 = 4/3. Then we have the following result, i.e. for any u G iS^M") and t> G 5'(M n ), there 
holds 

A k A q u = for |fc — g| > 2, (1.7) 
A k (S q -iuA q v) = far|fc-g|>5, (1.8) 
A fc (A ? uA g+z u) = for \l\ < 1, A; > g + 4. (1.9) 

Definition 1.1. Let T > 0, — oo < s < oo and 1 < p, r, p < oo. 

( 1 ) PFe say that a tempered distribution f G -Bpjr and only if 

£2^(3 + gr||A,/||;)*<oo (1.10) 

9>-l 

(imt/i i/ie usual convention for r = oo). 

(2) PFe say £/ia£ a tempered distribution u G L^{Bp^) if and only if 



■= (E^^ + ^^IIA^II^^Lg))" < OO. (l.H) 



Remarks, (i) The definition (1) is essentially due to Yoneda [19] where he considered the 
homogeneous version of the space Bp]r (see also remarks there). Note that by using the heat 
semigroup characterization of these spaces (see Lemma 14.11 in Section 4) , we see that i?oo*oo 
coincides with the space Bcopo considered by the second author in his recent work [7J. The 
definition (2) in the case a = (note that Bq® = ) is due to Chermin etc. (cf. [01 IE])- 
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(ii) Similar to the case a = (see |8| and references cited therein), by using the Minkowski 
inequality we see that for < a < (3 < oo, 

We now state the main results. In the first two results we consider the case where the first 
component uq of the initial data lies in the space B^ 1 n -B<^oo- In the third result we consider 
the case where uq lies in the less regular space -B^oo- As we shall see, in this case we need the 
second component 6q of the initial data to lie in a more regular space. 

Theorem 1.2. Let n > 2. Given T > 0, there exist H\, > such that for any (uq,0o) G 
( B oo,i n B oc]'^>) x ( B %\ n B %,™) satisfying 

ll^olln-i + ll^oll r-!.i < A*i and divffo = 0, 



the Boussinesq system has a unique solution (u,9) in yL^B^ ]_) n Lj,(B^ j00 )\ x yLj-(B^. 1 )n 



2 
II u 



^K^oo)) ondC^^O^jS-^nB^j xC([0,T];B„\nB„^) satisfying 



Theorem 1.3. Let ra>2,l<r<oo and p G (§,00). Given T > 0, i/iere exisi //i, /i2 > 
snc/i i/iai /or any (uq,6q) G (B^~ 1 H -Boo^oo) x -B~* satisfying 

I^oIIr- 1 + ll^oll R-M < Ml ar ^^ divno = 0, 

II^oIIb-J; ^ M2, 

' '2 /d0 \ o r2 /o0,l n\ v ?2 /d0 



the Boussinesq system has a unique solution (it, 6) in yL^B^^ n L^(Boo,oo)j X 

and C^dCr];^ nB^i) xC([0,T];5^J or C to ([0,T]; B"^ fl X C tt ([0, T]; B^) 

satisfying 

MlUb° X)1 ) + MlUbo^) < 2^1 and H^^(b-) < 2 M2- 

Theorem 1.4. Le£ n > 2, e > and p G (5, 00). Given < T < 1, f/iere exisi /Ui = /Ui(e), 
M2 = M2(s) > suc/i i/iai /or any (uq,9o) G -B^oo x Bp)£ satisfying 

{||^o||r-i.i < Mi divffo = 0, 

INI B -^<M2, 

the Boussinesq system has a unique solution (u,6) in C w ([0, T]; B^o,'oo )xC w ([0,T\;Bp t £) sat- 
isfying 

sup frz I ln(— HtxIIoo < 2fj,x and sup £2 1 ln(— )| e ||#|| p < 2^2- 
o<t<T e o<t<T e 
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Later on, we shall use C and c to denote positive constants which depend on dimension 
n, \a\ and might depend on p and may change from line to line. J-f and / stand for Fourier 
transform of / with respect to space variable and J 7 " 1 stands for the inverse Fourier transform. 
"We denote ^4 — C/ * 13 t)y ^4 J3 (iricl ^4 13 ./I t^y 13 . iFor any 1 < p, q < oo, we denote 
L q (R n ), LP(0,T) and L p (0, T; L q (R n )) by L|, L P T and L p T L q x , respectively. We denote \\f\\ L P by 
|| for short. In what follows we will not distinguish vector valued function space and scalar 
function space if there is no confusion. 

We use two different methods which are used by Chermin, etc. and Kato, etc. respectively 
to prove Theorems ll.2Nl.3l and Theorem ll.4i Therefore we write their proofs in separate 
sections. In Sect. 2 we introduce the paradifferential calculus results, while in Sect. 3 we prove 
Theorems ll.2NlT3l Finally, in Sect. 4 we prove Theorem ll.4i 

2 Paradifferential calculus 

In this section, we prove several preliminary results concerning the paradifferential calculus. 
We first recall some fundamental results. 

Lemma 2.1. (Bernstein) Let k be in NU {0} and < R\ < i?2- There exists a constant C 
depending only on Ri, R2 and dimension n, such that for all 1 < a < b < 00 and u £ L a x , we 
have 

suppn C B{0, R X X), sup \\d a u\\ b < c fc+1 A fc+n(1/a - 1/fe) ||u|| a , (2.1) 

\a\=k 

suvyuCC(Q,R 1 \R 2 X), sup \\d a u\\ a ~ C k+l \ k \\u\\ a . (2.2) 

\a\=k 

Lemma 2.2. [8], I18j Let 1 < p < 00. Then we have the following assertions: 

(2) Bl^Ll^B^. 
Lemma 2.3. (1) Let 1 < p < 00, < f3 < a < 00, —00 < s < 00 and 1 < r\ < r2 < 00. Then 

B s,a B s,a B s,P 
p,ri p,f"2 P,Tl ' 



(2) Lei 1 < f < 00, 1 < p < 00 and —00 < s < 00. For any e > 0, we have 

Bp^oo -^p,'oo ^ ^p,f> -^p/x> ^ -^p,l ^ ^p,?- (2-3) 



(3) There is no inclusion relation between the spaces B^ 1 and -E>S^oo- 

Proof. It suffices to prove (3). Similar to [19] . we set 

00 

f=J2 a i 6 * for M%=-i c M ' 
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where 5 Z is the Dirac delta function massed at z £ M. n . Then we have 

II/HbSoi- X W' II^Hb^ - sup (j + 3)|aj|. 

So if we take aj = (j + 3)" 1 for j > and aj = for j < 0, then ||/|| s o,i — 1, ||/||so i = oo. 
Therefore, B^oo is not included in B^ 1 . Next, let 5jk be Kronecker's delta. For fixed k € N, if 
we take aj = for j > and a, = for j < 0, then we have ||/|| B o,i ~ 1 and ||/||^o = p 
Since is arbitrary, x is not included in Bd, >0 o . □ 

We now begin our discussion on paradifferential calculus. 

Lemma 2.4. For any p,pi,P2,r £ [I7 00 ] satisfying | = i + i/ie bilinear map (u,v) 1— > 
is bounded from (B^j n Bp^oo) x -Bp 2 ,r ^° ^p,r> *- e - 

l|w|| B o < |M| 00 nR o.i ||«|| B o . (2.4) 

Proof. Following Bony [2] we write 

uv = T(u, v) + T(v, u) + 1Z(u, v), 

where 

1 

T(u,v) = ^2 Sg-xuAgV, TZ(u,v) = ^ ^ A q uA Q+l v. 

q>-l l=-lq>-l 



The estimate of T(u,v) is simple. Indeed, by Proposition 1.4.1 (i) of [5] we know that for any 



p,r £ [l,oo], T is bounded from x to -Bp r . By slightly modifying the proof of that 



proposition, we see that for any p,pi,P2,r 6 [l,oo] satisfying ^ = ^- + T is also bounded 
from L^. 1 x Bp 2ir to B® r . Thus for any p,pi,P2,r £ [l,oo] we have 

\\T(u,v)\\ B o r < \\u\\ L Pi\\v\\ B o 2r < IMI^JMIflg,,,,.' (2.5) 

In what follows we estimate T(v,u) and lZ(u,v). By interpolation, it suffices to consider the 
two end point cases r = 1 and r = 00. 

To estimate ||T(u,m)||do , we use (jl.8p to deduce 
IIT^.^IIbOj = X) H Afe ( X) S q -ivA q u)\\ p < ^ X ll-VHUI^IU 

fc>-l ?>-l fc>-l |g-fe|<4,g>-l 

Yl \\ A k u \\pi ^Mb^jmb^^- ( 2 - 6 ) 
fe>-i 
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To estimate \\T(v, u)\\b° we first note that 



q-2 

\\s q -iv\\ P2 < \\ A j v \\p2 ^ {q + 3)\MB» 2 



Using this inequality and QL8J) we see that 

\\T(v,u)\\ B o = sup ||A fc ( V Sq^vAqU^lp < sup V ||5 g _ii;||p 2 1| A q 

- 1 9>-l - k-A;|<4,<?>-l 

~NIb° ,oo su p X] ( 9 + 3 )II a 9 u IIpi ~ IMIb^JMIbl 

fc> — 1 | 

To estimate ||7£(it, u)|| B o , we write 



|g-fc|<4,?>-i 



l 



II^MIIi^ <EE ll A ^E A,nA g+ ^)|| p 

i=— 1 fc>— 1 q>-l 

13 1 

< ^ Yl H A ^( E A 9 «A, +i u)|| p + Y E H Afc ( E A 9 nA 9+ ^)|| ? 
1= — 1 Jfc=— 1 g>-l i=-ifc>4 g>-l 

:=/i + / 2 - 



For I\ we have 

l l 

HA„ulL IIA^/^ILo < \\u\\ h 

Pl.oo" P2 



J l ~ E I' E A 5 nA 9+^Hp- E E ll A ff U llpill A ff+Hlj»a i$ IMIb^JMIb^- 
l=-l q>-l /=-!?>-! 



For by using (jl.9p we deduce 

i l 

12 ~ E E E ii A 9 u iipiii A ?^iip2 ~ E E E ii A <? n iipiii A </+^iip2 

Z=-lfc>4g>fc-3 i=-l g>l 4<fc<3+<j 

1 

^ E E^ + 3 )H A 9 n llpiH A 9+^llp2 ~ IMIb^JMIb^- 

l=-lq>l 

Hence 

11^(^)11^ < h\\ B o p ,iJv\\ B o 2i . 

Similarly we have 



\\K(u,v)\\ B iOo < sup ll A fc(E A ff uA ff -H«)llj 



/= _! fe > i (J >_ 1 



1 

~ 2 ( E ll A s u IUH A <z+HU 

l=-l q>-l 

<\W\\ B oJv\\ B o 2ao . (2.9) 

From (|2.5p ^ (|2.9p and interpolation, we obtain the desired estimate. This completes the proof 
of Lemma 12.41 □ 

Lemma 2.5. For any p,P2,P2 G [l>oo] satisfying | = + the bilinear map (u,v) i— > uv is 
bounded from (B° a n Bjjfc) X (B° 2>1 n Bj&o) to B° (1 n b££>, i.e. 

IHIbo^o^ £ hll^ ^Bo^lbll^^nso,^. (2.10) 
In particular, B^ 1 n Bj^oo is a Banach algebra. 
Proof. By Lemma 12.41 we only need to prove that 



MI B M < llnll^ ^so^lbll^ ^^o,^. (2.11) 



As before we decompose uv into the sum of T(u, v), T(v,u) axLdlZ(u,v). To estimate ||T(ii,i>)|| B o, 
we use (11.81) to deduce 



B o,i , 

J - J p,oo 



\\T(u, v)\\ R o.i = sup (k + 3)||Afc( } S q -iuA q v)\\p 

g>-l 



< sup(fc + 3)||A fe ( ^ 5 g _!«A^)|| } 

fc - _1 \q~k\<4,q>-l 

<sup(fc + 3) ^ \\ S q-l u \\pi\\&q v \\p 
fc - _1 \q-k\<4,q>-l 

<\\u\\ pi sup(g + 3)||A 9 t;||p 2 
?>-i 



^II«IIb° JMIb". 1 • ( 2 - 12 ) 

The estimate of ||7~(u, ti)|| B o,i is similar, with minor modifications. Indeed, 
||T(«,u)|Lo,i = sup (k + 3)|| A fe ( V] 5 9 _iuA ? it)|| p 



g>-l 



< sup (k + 3) ^ HViHUIIA 



fc - 1 |«— fc|<4,g>— l 

<||u||p2 sup(<? + 3)||A 9 u|| Pl 

3>-l 



^IMIb * 1 IMIb° r ( 2 - 13 ) 
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To estimate ||7£(u,u)|| B o,i we write 

1 

\\TI( U ,v)\\ b0 ,i <V sup(3 + £;)||A fc ( V A q uA q+l v)\\ p 



l=-l- x q>-\ 
1 



<Y, bvp (3 + k)\\A k (J2 A 1 uA 9+l V )Wt 



l=_l !>*>"! g >-l 



+ _sup^j3 + fc)||A fc (J]A,«A, + ,«)||p 
:=/ 3 + A- 



i= _ l9 +3>fc>8 ? > 5 



For 1% we have 

l 



Z=— 1 g>— 1 



i 

P2> c 



For ^4 we have 



h=J2 sup (3 + fc)||A fc (J]A,uA g+ ,u)||, 



l= _ iq +3>k>8 g > 5 



1 

Z=-l g>4 



V R o,l 

PX' 1 " P2: C 



Hence 



Il^")llfl0,i < HuIIbo \\v\\ b oa . (2.14) 



Combining (j2TT2"]) ~ (j2~7H]) . we see that (g3TJ follows. This prove Lemma [23) □ 

Lemma 2.6. Let p, p i; r, p, p { G [1, oo] (i = 1, 2) be such that i = i + i and | = i + i. 
Then we have 



W uv h^ r ) Z IHl£^(B5 lil )n£?(^ac)H T, ll£5 , (B5 a ,r)- (2 - 15) 

Proof. The proof is similar to that of Lemma 12.41 Indeed, as in the proof of Lemma 12.41 we 
decompose uv into the sum of T(u, v), T(v, u) and 7l(u, v). To estimate ||T(u, v)\\^ P ^ B o y we 
use (|1.8p to write 

WTi^^WiUBO ) = SU P ll A fc( Yl S q-^ uA q v )Wl p t lI 



< SUp ||Afe( ^ Sq-WAgV^lL^LP 



k ~ 1 [fl-fc[<4 l9 >-l 
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< sup Yj \\ S 9-Ml^L^\\ A 9 v \\l^lP 

~ \q-k\<4,q>-l 

The estimates of \\T(v,u)\\^ P ^ B0 and ||72.(-u, v)\\g P , B o \ are similar and we omit the details 
here. □ 

Lemma 2.7. Let p, p i} p, pi G [l,oo] (i = 1,2) be such that ± = i + i and ± = i + i. 
TTien we have 

^h^Bi^i^B^) % II^IIl^m^^^m^oo)!!^!!^ 2 ^,!^^^)^ (2-i6) 

Proof. The proof is similar to that of Lemma 12,51 we thus omit it. □ 
We note that results obtained in Lemmas l2.4hl2~7Tl still hold for vector valued functions. 

3 Proofs of Theorems D and D 

In this section, we give the proofs of Theorems 11.21 and 11.31 We need the following prelim- 
inary result: 

Lemma 3.1. ([1], P. 189, Lemma 5) Let (X x y, || • \\% + || • \\y) be an abstract Banach 
product space. B\ : X X X — > X, B 2 : X x y — > y and L : y — > X are respectively two bilinear 
operators and one linear operator such that for any (xi,jji) G X x y (i = l,2), we have 

\\Bi(x 1 ,x 2 )\\x < M\ x i\\x\\x2\\x, \\L(yi)\\x < \\ B 2(xi,yi)\\y < All^H^llyilly, 

where A, rj > 0. For any (xo,yo) G X x y with \\(xq, c*yo)\\xxy < 1/(16A) (c* = max{2r/, 1}) ; 
the following system 

(x,y) = (x ,yo) + (Bi(x,x), B 2 (x,y)^j + \ L(y), o) 

has a solution (x, y) in X x y. In particular, the solution is such that 

\\(x,c*y)\\xy.y < 4[|(a? , c*yo)\\xxy 
and it is the only one such that \\ (x, c#y) \\xxy < V(4A). 

For n > 2, p £ (§,oo) and r G [l,oo], let Xt and i?T respectively be the spaces 

X T = n L 2 T (B J tOO ) and Z r = L^(Sj r ) 

with norms 

Nl#r : = NIz^Bg^) + ll^liKB^) and IMUr : = H^Il* (B° r ) • 
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Let 3^r be the space 

y T = L 2 T (B°n A )nL 2 T (B /J 

with norm 
Recall that 

^(u, 0) = e tA u - f e (t ~ s)A F(u ■ V)uds + f e {t - s)A P{9a)ds, 
Jo Jo 



3 2 (u, 9) = e tA d - f e (t ~ s)A (u ■ V9)ds. 
*■ Jo 



(3.1) 



In what follows, we prove several bilinear estimates. 

Lemma 3.2. Let T > 0, n > 2 and no G -B^i Pi B^c'oo- W^e /lave f/te following two assertions: 

(1) For 6 3^r we Ziawe 

l|3l(«,0)IU T < (^^(IKoIIb-i^b-M +\\u\\l T + \\9\\y T y (3.2) 

(2) For 6* G i?T> ?" G [1> oo] and p G (§, oo) we have 

\\MW)\\xt < (i + r)(||« || B -i inB -M +N|^ r + ||e||^). (3.3) 

Proof. We divide the proof of the 6) into two subcases g > and q = —1. Since when 
q > 0, the symbol of A q is supported in dyadic shells and the symbol of F is smooth in the 
corresponding dyadic shells we have 

A 9 3i(n, 9) = e tA A q u - [ e {t ~ T)A A q (PV • {u ® u)(t) - P(0a)) dr. (3.4) 

Jo 

In (|3.4p we have n scalar equations and each of the n components shares the same estimate. 
By making use of (I2.2p twice we obtain 

(u <g) it) I loo + || Ao^Hoq ) dr 



\\AMu,e)\\oo <e- K22H \\A q u \\ oo + e- K22q ^(2i\\A q 

<e-« 229 *||A ? iJ || oo + f e-^-^A^u^u^dr 
Jo 

+ / e- K22,( *- T) min{2 29 ||A^||n, 2^ || A q 9\\ p }dr. 
Jo 2 

Applying convolution inequalities to the above estimate with respect to time variable we get 



i 

-2kT2 2 <? \ 2 



\^ q Hu,0)\\ L 2 L ^<[ | (2 q \\A q u \\oc + \\A q {u®u)\\ L i L c 



~ I 2k 
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W 2k2 h 
Considering 

V^ - ^ 2- ^ < oo for p G (-,00) n [l,oo) 

q>0 

from (13.51) and Definition 11.11 we see that 



^||A 3 3iM)||z4£go < Yl (2~ 9 ||A^ ||oo + ||A S 

q>0 ' q>-l 



+ min{||A,0|| 5, 2-^-^||A g 0|U LS } 



-9(f-2)| 

< ll^ollB-^ + IK^nll^^^+minllieil^^i^, ll^llz^^)}- ( 3 - 6 ) 

Considering 

^ — |— 3 77, 

SU P „r2 "1 - C (Pi n ) <°° for p > -, 

q>-l 2 Q{ p' 2 

from (|3.5p . Definition 11.11 and a similar argument as before we see that 
sup(q + 3)\\A q 3i(u,0)\\ L 2 TL? < ||«b|| B -M + ||u 0^1^0,1^ 

+ min{||0||^ (B op, Hflll^^)}- (3-7) 

Next we consider the case q = —1. We recall the decay estimates of Oseen kernel (cf., Chapter 
11, |14j), by interpolating we observe that e A P(— A)~^ +(5 V (for any 5 £ (0, 5)) is L\ bounded. 
Similar to (|3.4|) we get 

S o 3i(«,0) =e tA S Q uo- [ e (t - r)A S [FV -{u®u){T)}dT+ [ e ( *~ T)A SoF(6a)(r)dT. 

Jo Jo 

Applying decay estimates of heat kernel and Lemma |2~T1 of supp-FSo C B(0, |) we see that 

\\SoZi{u,9)\\oo < ||e* A ^o||oo+ / (t-T)-%\\FS 6\\ 2p dT 

Jo 

pt 

+ 



< 



I || e ( t _ T )A 5oPV . {U^v^ir^dr 
Jo 

WS0U0W00+ f (t-Ty%mm{\\S 9\\ P , \\S e\\n}dT 
Jo 



+ / (\\S (u ® tyWoodr. 
Jo 

In the above estimate we have used the following fact (see (5.29) of |17j): 

||5 PV- (u ^u)^ < ||PV^||i||5 (u(8)u)||oc < HVhl^oJI^o^^^lU < \\S (ti ® «)||oo- 
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Applying convolution inequalities to time variable we obtain that 

1 ^ 4p — n 

\\S o Mu,O)\\ L 2^<T-2\\Souo\\oo+T2\\S o (u0u)\\ L ^+T— mm{\\S 9\\ n,\\S 9\\ LlL r} 



4p — n x 

where C T = (T *p +T2). 



^+ll^®^l^^^)+ m M^llz^BO„,oo)'^llL^(BO^^ (3.8) 

Bi^l«® (ifc^+^U 1^11^(^,00)' W h^j] > (3-9) 



By applying (|3.6p ~ (|3.9p and Definition 11.11 as well as Lemmas 12.61 ~ 12.71 we prove (|3.2p 
and (I3.3h and we complete the proof of Lemma 13.21 □ 

Lemma 3.3. Let T > 0, n > 2 and u G Xt. We have the following assertions: 

(1) For O G Bi^ n B; 1 ^ we /iwe 

\\Uu,0)\\y T < (l + T)(||(9o|| B -i ns-i.1 + H* T ||0b T ). (3.10) 

(2) For #o ^ r G [1, 00] and p G (f , 00) we have 

\\U^,0)h T < (i + T)[\\e \\ B -t + \\u\\ XT \\e\\ ZT ). (3.11) 

Proof. Similar as before, we divide the proof of the CfeC^, &) hrto two subcases q > and g = — 1. 
In the case g > we have 

^Mu,9) = e tA A Q 6 - [ e(*- T ) A A g V • {u6){T)dr. 

Jo 

Applying Lemma 12.11 using convolution inequalities to time variable and following a similar 
argument as before we see that 



A^ 2 («, 0)11^, <2-9[|A ff o || 5 + l|A 9 (n0)|| rl r9 , (3.12) 



which yields 



^||A^ 2 «0)|| , < £(2-«[|A,0 o ||* + ||A ff (tf0)|| « 

g>0 T * 9 >-l T * 



7 

and 



< IMIjtf + ll^llzi (B c , , (3.13) 



sup(g + 3)|| A^ 2 («, 0)|| n < ||0 O || 1A +R|| £ i (B o 1 )s (3.14) 



<j>0 L%,L£ 
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where we have used Definition II .li Now we consider the case q = —1. Similarly, we have 

SMW) =e tA S 6 - f'e^-^SoV ■ {u6){t)cIt. 

Jo 

Applying Lemma |2. II and convolution inequality to time variable we obtain 
\\SoHu,e)\\ T2 u < T*\\So6 \\ % + t*\\s (W)\\ a 

which yields 

\\SMm\\^A^H\UB-^ +N%i(bo )) (3-15) 
<Ti(||flo|| s -M+||tr%i, (fl o.i ))• (3.16) 

The desired results A3. 10f) and (|3.1ip follows from (I3.13P ~ A3. 16f> and Definition 1 1.1 1 as well 
as Lemmas 12.61 and 12.71 This proves Lemma 13.31 □ 

Proofs of Theorems 11.21 and 11.31 From Lemmas 13.21 13.31 and 13.11 as well as a standard 
argument, we see that Theorems 11.21 and 11.31 follow . 

4 Proof of Theorem 11.41 

In this section, we give the proof of Theorem 11.41 We first prove the following heat semi- 
group characterization of the space Bp": 

Lemma 4.1. Letp,r G [l,oo], s < and a > 0. The following assertions are equivalent: 

(1) f€B$,. 

(2) For allte (0,1), e tA f £ L p x and th | hx{j;)\°\\e tA f\\ p 6 L r ((0, 1), f ). 

Proof. The idea of the proof mainly comes from [T3] and the proof is quite similar. But for 
readers convenience, we give the details as follows. We denote by C the constant depends on 
n and might depend on s, a and r in the proof of this Lemma. 

(1) => (2). We write f = S f + Ajf with 

\\S f\\ p = e- 1 , ||A,/|| p = 2^ s l(3 + i)-%- and (ej)j>-i € f. 
We estimate the norm tV| ln(^)| cr ||e iA /|| p by 

^|ln(^)r||e* A 5o/|| p <t^|ln(^)r||e tA S 5o/|| p <C^|ln(l)r||5 /|| p . 
Similarly, for j > 0, we have 

^|ln(^)n|e* A A i /|| p <Ct¥|l n (^)|-||A i /|| p . 
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Moreover, when j > and > 0, from the L\ integrability of heat kernel and Lemma 12.14 we 
have 

t^|]n(^)ri|e* A A i /|| 1 , = t J 5 l |I 1 i(l)|'||e* A (-tA)«(-tA)-f Aj/llp 

<C^|ln(i)r2-^||A,-/|| p . 

Combining the above estimates, for some N > 2 and any < t < 1 we have 

7||p < C(e_a + ^min{2^ s l(i + 3)-%-, 2~^'(j + 3)"%-}) 
i>o 

_ JV 

< C||( E i)i>-ilM 2 < °°- 

Let Ik = (2~ 2 ~ 2k , 2~~ 2k ]. For any t G (0, 1] = Ufc>o/£;, there exists an integer jo such that t G J J0 . 
And for i G J,- Q we have 

^|ln(l)r||e* A /|| P <<M+i;fe| rM8|£ i + E 2C*.-i)(M-^0 ei ) := C Vjo . 

From the above estimate we see that 

||||^|ln(^)|V A /|| p || Lr((0il)if j < C||(T&)i>-l||*- < C||( £j )i>-llk- 
Indeed, by using Young's inequality we have 



•io)|sL 



E (eIttf^'-'^'^E (E^'N^ E ( E *>' 

io>-i i=o v J; jo>-i i=o j >-i j=[f]+i 

< C ||(£j)j>-l||£r 

and 

E ( E 2(--)(W-^) r <a|| (£i )i>-i||^. 

3o>-l j=jo+l 

(2) (1). We get that 5 / = e"5 A 5 e^ A / G L p x since the kernel of e~^ A S is 
bounded. Similarly, when j > 0, we write Aj/ = e~* A Aje tA f. For any j > 0, we choose t 
such that 2~ 2 ~ 2j <t< 2~ 2j . Then we have 

2^(3 + j)1A i /|L J < C^(2-lntr|| e -' A A je * A /|| p < Ct^\ln(^)r\\e tA f\\ p . 

Consequently, we have 

ii/fe = E 2^(3+iniA,-/ii;<c( sup t^iH^nie^a 

<C||^|ln(^)r||e* A /|| p ||2 r((0il)if) , 
where the last inequality follows from a similar argument as in Lemma 16.1 of [2]. □ 
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Next we prove a bilinear estimate. 

Lemma 4.2. Let n > 2, e > 0, p G (f ,oo) and 3i,32 &e as in (jXTj) . For < T < 1, there 
exists < v < u(p) = 2P 2 p n such that 

sup ^|ln(4)|||^i(^^)||oo< IKo|| B -i.i +( supa|ln(4)IN||oo) 2 + ^supa|ln(l)n|0|| p 
te(o,T) e te(o,T) e te(o,T) e z 

sup ^|ln(4)ri|32(«,^)|| P < INIb- 1 -' +- SU P £\M\)\\\A\oo sup P|ln(l)| £ ||0|| p • 

k te(o,T) e e te(o,T) e *e(o,T) e 

Proof. The term J" * e^ _r ^ A PV • (t/® u)dr is already treated in Lemma 2.5 of |7j. From Lemma 
14.11 we see that 

sup ts| ln(4)|||e tA n ||oo ~ ||u || s -i,i , sup ts | ln(4)| £ ||e iA 0o|| P ~ INIb" 1 -'- 
te(o,i) e 00 '° te(o,i) e 

Therefore, it remains to estimate 

I e {t - T)A F{6a)dT, f e (t - r)A V ■ {u9)oIt. 
Jo Jo 

By using the decay estimates of the Oseen kernel (cf. [14], Proposition 11.1) we see that 

ti|ln(l)||| /" < e ( ^ A P(0a)o'r|| oo <a|ln(4)| l\t - r)"* \\9{r)\\ p dr 
e 2 Jo e 2 7 

1 , t f n_ 1 7" 1 

<i5|ln(-^)| / (t-r) 2 Pr -2|ln(^)|- £ dr sup r2|ln(- 
e Jo e z re(o,T) ' 



^)I £ ||CM 
re(o,T) e 



^t^lln^)! 1 - 2 sup ri|ln(-I-)r||fl(r)|| p 
e re(o,T) e 2 

<T^|ln(J)n|0(r)|| p , 



where z/ S (0, i/(p)) and limt|.o^^ u \ ln(^-) | 1 e = 0. By applying the decay estimates of the 
heat kernel (is Oseen kernel too) (cf. |14| . Proposition 11.1) we see that 

i*| ln(4)| £ || te {t - T)A V ■ (6u)dr\\ p < i§| ln(4)| £ A* - r)"3 ||0(r)|| p ||n(r)|| oo a'r 
e Jo e JO 

^^llnC^rAt-TriT^IMi)!" 1 "*^ sup rl|ln(^)| E ||^T)|| p su P r5|ln(^)||Kr)|U 
e e Jo e re(0,T) e re(0,T) e 



- sup T2|ln(^)| E ||6»(r)||p sup ri|ln(^ 

e r£(0,T) e re(0,T) e 



where 1 2 1 ln(^-)| e J *(t — t) 2t 1 1 In ( ^2- ) | 1 e dr < p Indeed, it suffices to show 
^|ln(4)| £ / (t- r )- 5r -i|ln(^)|-i-dr<-, 
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which is equivalent to 



J. el t 1 /*oo i j. 

| ln(-)| £ / r- 1 ! H-2)\- l - £ dr < - / x-^di < -| ln(^)|- £ . 
Jo e £ ^|ln(^)| e e 

□ 

Proof of Theorem II. 41 Applying Lemmas 13.11 and 14.21 and following similar arguments 
as in [7], we prove Theorem 11.41 We omit the details here. 
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